Arithmetic of Quaternion Algebra 2012

1 Quaternion Algebras

In this section, F' is a field of characteristic # 2. Unless stated otherwise, all algebras
considered here are finite dimensional algebras over F. If 14 (or simply 1) is the identity
of an F-algebra A, then the map a — al4 is a monomorphism of F-algebras. This map
identifies F' as a subalgebra of A.

If R is a ring, then R* denotes the group of units in R.

1.1 Basic Definitions

Definition 1.1 A quaternion algebra H over F is a 4-dimensional algebra over F' with a
basis {1, 1, j, k} such that

for some a,b € F*.

In this definition, notice that k* = —ab. The basis {1,4, ], k} is called a standard basis

for H and we write H = (%b) Note that there are infinitely many standard bases for

H, and hence there could be another pair of nonzero elements c,b € F, different from the
pair a, b, such that (cﬁd) = (‘}b) For instance, (‘}b) = <%) for any x,y € F'*, and

(#)- ()

The notation H = (‘}b) is functorial in F', that is, if K is a field extension of F', then

a,b - [ab
( ja ) QK= < K> as K-algebras.

Example 1.2 In Ms(F), let
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Then i? = j2 = 1 and {1, 4, j, k} is a basis for My(F). Therefore, My(F) = (1131) = (1’;1).

Example 1.3 Another familiar example of quaternion algebras is Hamilton’s quaternions
H. Tt is a quaternion algebra over R with a basis {1, 1, 7, k} such that

2=—1, j2=-1, ij=k=—ji.

This shows that H = (%) A simple calculation shows that any two elements from

{i,j, k} are anti-commutative. Moreover, ij = k, jk =i and ki = j.



Theorem 1.4 Let a,b € F*. Then (‘}b) exists.

Proof. Fix «, 3 in an algebraic closure E of F such that a? = a and 3? = —b. Consider the

two matrices
i (@ 0 . (0 B
“\o —a)7 7 \p o)

Direct computations show that

, . iy 0 « .
22 =a, ]2 = b, 1 = (aﬁ Oﬁ> = —7i.

Since {I2,14,7,ij} is clearly independent over E, it is also linearly independent over F.
Therefore the F-span of {Is,14,7,4j} is a 4-dimensional algebra H over F, and H = (a’b) .0

F

Theorem 1.5 A quaternion algebra over F is central simple, that is, its center is F' and
it does mot have any nonzero proper two-sided ideal.

Proof. Let H be a quaternion algebra over F', and {1,1, j, k} be a standard basis of H over
F. Consider an element x = o+ i +yj + 0k in the center of H, where o, 8,7,0 € F. Then

0 =jx—xj=2k(B+dj).

Since k is invertible in H, we must have § = ¢ = 0. Similarly, v = 0. Hence z is in F'.

Next, we need to show that a nonzero two-sided ideal a is H itself. It is sufficient to
show that a contains a nonzero element of F'. Take a nonzero element y = a + bi + ¢j + dk
in a, where a,b,c,d € F'. We may assume that one of b, ¢ and d is nonzero. By replacing
y by one of iy, jy and ky, we may further assume that a # 0. Since yj — jy € a and 2k
is invertible in H, we see that b + dj, and hence bi + dk as well, are in a. This shows
that a + ¢j is in a. By the same token, a + bi and a + dk are also in a. As a result,
—2a =y — (a+bi) — (a + ¢j) — (a + dk) is a nonzero element of F' lying in a.0

So, we may study quaternion algebras using the theory of central simple algebras. Below
is a couple of well-known theorems concerning the structure of central simple algebras.

Theorem 1.6 (Wedderburn’s Structure Theorem) Let A be a finite dimensional simple
algebra over F. Then A is isomorphic to My, (D), where D = Enda(N) is a division algebra
over F with N a nonzero minimal right ideal of A. The integer n and the isomorphism
class of the division algebra D is uniquely determined by A.

Theorem 1.7 (Skolem-Noether Theorem) Let A be a finite dimensional central simple
algebra over F and let B be a finite dimensional simple algebra over F. If ¢, are algebra
homomorphisms from B to A, then there exists an invertible element ¢ € A such that
#(b) = ¢ 1p(b)c for all b € B. In particular, all nonzero endomorphisms of A are inner
automorphisms.



Theorem 1.8 Let H be a quaternion algebra over F.
(a) Either H is a division algebra or H = Ms(F).

(b) Let E be a subfield of H which is a quadratic extension of F', and T be the nontrivial
automorphism of E/F. Then there exists j € H* such that j> € F*, H = E + Ej,
and jx = 7(x)j for all x € E.

Proof. Part (a) is a direct consequence of Wedderburn’s structure theorem. For part (b),
since the characteristic of F' is not 2, we can write £ = F(i) so that i> € F*. Let 7 be the
nontrivial automorphism of E/F. By the Skolem-Noether Theorem, —i = 7(i) = jij ! for
some invertible element j € H. Clearly j ¢ E and 1,4, j are linearly independent over F'. If
ij = a+ Bi+yj with a, 8,7 € F, then (i —7)j = a+ fi. But i —+ #0; thus j € F(i) = F
which is impossible. Therefore, {1,4,j,ij} is a basis for H. Note that ij = —ji and so
421572 =i. Therefore, j2 is in the center of H which is F, and this means that j2 = b € F.
Clearly, H = F + FEj.0

Definition 1.9 Let {1,4, j, k} be a standard basis for a quaternion algebra H. The elements
in the subspace Hy spanned by i, j and k are called the pure quaternions of H.

The next proposition shows that Hy does not depend on the choice of the standard basis
for H.

Proposition 1.10 A nonzero element x € H is a pure quaternion if and only if x € F' and
22 €F.

Proof. Let {1,1,j,k} be a standard basis for H = “I;b . Let x be a nonzero element in H.
We can write © = ap + a1t + agj + ask with ay € F for all £. Then

2% = (a2 + aa? + ba3 — aba?) + 2ap(a1i + azj + ask).

If z is in the F-space spanned by i,j and k, then ag = 0 and hence z ¢ F but 22 € F.
Conversely, suppose that z ¢ F and 22 € F. Then one of a;,as and a3 is nonzero, and
hence ag = 0. Thus z is a pure quaternion.O

Thus each x € H has a unique decomposition = a + «, where a € F and o € Hy. The
conjugate of x, denoted T, is defined by T = a — . For any x,y € H,
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In particular, the conjugation is an involution on H (or, equivalently, an algebra isomor-
phism from H to its opposite algebra H®). In My (F),

a b\ (d -b
c d) \—c a )’
Equivalently, if M € My(F), M = adj(M), the adjoint of M.

Definition 1.11 For « € H, the (reduced) norm and (reduced) trace of = are the elements
nr(z) = 27 and tr(z) = x + 7, respectively.

A direct computation shows that both nr(z) and tr(z) are elements of F. The norm
is multiplicative, that is, nr(zy) = nr(z)nr(y) for all z,y € H. The invertible elements of
H are precisely those with nonzero norm. The trace, however, is linear as tr(ax + by) =
atr(z) + btr(y) for all a,b € F. For M(F), the norm of an element is just its determinant.
1.2 The Matrix Algebras

In this subsection, we discuss when a quaternion algebra H over F' is isomorphic to Ma(F).

Definition 1.12 A nonzero element z in H is said to be isotropic if nr(x) = 0.

a,b
F

Theorem 1.13 For H = ( ), the following are equivalent:

(o) H=(

(b) H is not a division algebra.

lﬁl) = My(F).

(¢) H has an isotropic element.

(d) Hy has an isotropic element.

(e) The equation ax?® + by? = 1 has a solution (v,y) € F x F.
(f) If E=F(vb), then a € Ng/p(E).

Proof. We have seen in Theorem 1.8 that (a) is equivalent to (b).

Suppose that H is not a division algebra. Then it has a nonzero element x which is not
invertible. So, nr(z) = 0. This proves (b) = (c).

For (c) = (d), let = be an isotropic element in H. Let {1,4, 7, k} be a standard basis for
H and write

T =ag+ ait+ asj + ask.
We may assume that ag # 0. So, at least one of a1, as and as is also nonzero. Without loss
of generality, we assume that a; # 0. From nr(x) = 0, we obtain a3 — ba3 = a(a? — ba3).
Let
Yy = b(a0a3 + alag)i + CL((L% — bag)J + (agal + bCLQCLg)k‘.



Check that nr(y) = 0. If y # 0, then we are done. If y = 0, then —aa? + aba? = 0 and thus
nr(aqi + ask) = 0.

Since a1 # 0, a1i + ask is an isotropic element in Hy.
Suppose that Hy has an isotropic element aji+ agj + ask. Then —aa? — ba3 + aba% =0,
and so at least two of a1, as and ag are nonzero. If ag # 0, then

as \ 2 ar \?
aas bas

1+a)\” as(1—a)\?
— ) =1.
a( 2a ) +b< 2aa1
This proves (d) = (e).

For (e) = (f), we assume that az?+by2 = 1. If 29 = 0, then vb € F and E = F, in which
case (f) is certainly true. If o # 0, then one can check that NE/F(xal + xalyo\/l;) =a.

If ag = 0, then

Lastly, we suppose that a is a norm from F(ﬁ) If b = ¢ for some ¢ € F, then
(c+4)(c—j) =0 and H is not a division algebra. So, we may assume that vb ¢ F. Then
a = 22 — by} for some z1,y1 € F. Since nr(z; + i+ y1j) = 0, H again is not a division
algebra. This proves (f) = (b). O

Definition 1.14 Let K/F be a field extension. A quaternion algebra H over F' splits over
K if H®p K = My(K). We say that a quaternion algebra over F' splits if it splits over F.

Corollary 1.15 If F' is algebraically closed, then every quaternion algebra over F' splits.

Proof. This is clear since every element of F' is a square in F.O

Corollary 1.16 The quaternion algebras (11’;1) and (%32) splits.
Proof. Apply (d) and (e) of Theorem 1.13.0

Example 1.17 Theorem 1.13 is very useful in constructing quaternion algebras that do not
split. For example, let p be a prime = —1 mod 4. Then the congruence —z2 +py? = 2% mod
4 does not have any solution with ged(z,y, z) = 1. Therefore, the equation —z2 + py? = 1
does not have any rational solution. Thus, by Theorem 1.13(e), the quaternion algebra

(_é’p ) does not split. However, if p = 1 mod 4, then p is a sum of two integer squares,

which means that p is a norm from Q(v/—1). So, when p = 1 mod 4, the algebra (%)
splits. Thus we have shown; Let p be a prime. Then (%) splits if and only if p =1 mod

4.

Proposition 1.18 Let H be a quaternion division algebra over F. If E is a subfield of H
which is a quadratic extension of F', then H splits over E.

Proof. As is in the proof of Theorem 1.1, there exists a standard basis {1,1, j, k} for H with
E=F(@)andi®=a € F. Thus H = (ag’) and hence H@p E = (“Eb) = (RE”) = My(E).O
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1.3 Quaternion Algebras over Finite Fields

Theorem 1.19 (Wedderburn’s Little Theorem) Let A be a finite division ring. Then A is
a field.

Proof. Let F be the center of A. Then F' is a finite field of order ¢, a prime power > 2. Let
n = dimp A. We shall show that n = 1. Assume the contrary that n > 1. The finite group
A* acts on itself by conjugation. It follows from the class equation that

X =q" —1 =g~ 1+ (A% : Cala)*]

where C'4(a) is the centralizer of a, and the a in the summation runs over a (nonempty) set
of representatives of non-singleton conjugacy classes of A*. Let r(a) = dimp Cy(a). Then
1 < r(a) < n, and the transitivity of dimensions shows that r(a) | n. Rewriting the class

equation, we have
n_ 1 _ ., qn -1
(%) " —1=qg—-1+ Ea @1

Let r be one of the r(a) in the summation. Since r | n, we have the following factorization
in Z[z]:

2" —1=o,(z)(z" — 1)h(x), h(z) € Z[x],
where ®,,(x) is the n-th cyclotomic polynomial. This equation implies that (¢ —1)/(¢" —1)
is always an integer divisible by ®,,(¢). It follows from (x) that ®,,(¢) divides ¢ — 1 as well.
In particular,

g—1>1®,(q)) =[] la—<I;
where ( ranges over all the primitive n-th roots of unity. This is impossible since n > 1 and
q > 2 clearly implies that |¢ — (| > ¢ —1 > 1 for each ¢.O

Corollary 1.20 If A is a central simple algebra over a finite field F', then A = M, (F) for
somen > 1. In particular, every quaternion algebra over a finite field splits.

2 Quaternion Algebras as Quadratic Spaces

Let H be a quaternion algebra over F'. The norm map is a quadratic form on H, that is, it
satisfies:
(i) nr(az) = o’nr(z) for all a € F,

(ii) the function B : H x H — F defined by
1 1,
B(z,y) := 5 (nr(z +y) —nr(z) —nr(y)) = Str(2y)

is a symmetric bilinear form on H.

In this section, we will review some results from the algebraic theory of quadratic forms
that are useful for later discussion.



2.1 Quadratic Spaces

A quadratic space over a field F' is a pair (V,Q), where V is a finite dimensional vector
space over F' and @ : V — F' satisfies:

(a) Q(ar) = a’Q(x) for all a € F and all z € V;

(b) the function B(z,y) = 3 (Q(z +y) — Q(z) — Q(y)) is a symmetric bilinear form on
V.

The function @ is called a quadratic form on V. Note that B determines @ by B(z,z) =
Q(z) for all z € V. So we also use (V, B) to denote the quadratic space (V, Q). A nonzero
vector v in a quadratic space (V, Q) over a field F is isotropic if Q(v) = 0; otherwise v is
called anisotropic. The space V is said to be isotropic if it has an isotropic vector.

Two subsets X and Y of V' are said to be orthogonal if B(z,y) = 0 for all x € X and
y € Y. The set of vector in V which are orthogonal to every vector in X is denoted by
X1, The space V is called nondegenerate if V- = {0}, that is, there is no nonzero vector
in V which is orthogonal to all vectors in V. A basis of V is called an orthogonal basis if
its vectors are orthogonal to each other.

Let B = {v1,...,v,} be a basis for V. The symmetric matrix Mg = (B(vs, v;)) is called
the matrix of V' with respect to B. The following is a easy consequence from linear algebra.

Lemma 2.1 If B and B’ are two bases for V, then there exists a matriz T in GL,(F) such
that MB’ = TMBTt.

Let V* be the dual space of V, the vector space of all linear maps V. — F. If B =
{v1,...,v,} is a basis for V, then B* = {v],...,v}} denotes its dual basis for V*  where

vy (v5) = 64 (Kronecker’s delta).
The function B : V — V* defined by B(v)(u) = B(v, u) is obviously a linear transformation.

Lemma 2.2 If B is a basis for V and B* is its dual basis for V*, then the matriz of the
linear transformation B with respect to B and B* is Mpg.

Proof. From B(v;)(v;) = B(v;,v;) follows
B(v;) = ZB(vi,vj)v;

which is what is needed to be shown.O

Lemma 2.3 If W is a subspace of V', then W+ = ker(r o é) where w : V* — W* is the
linear map induced by restricting functions in V* on W.

Proof. A vector v of V is in W+ if and only if B(v,w) = 0 for all w € W. This means
B(v)|w = 0 and hence v € ker(m o B).O



Corollary 2.4 A quadratic space (V,B) is nondegenerate if and only if B is an isomor-
phism or, equivalently, when the matriz Mp is invertible for one particular basis B for

V.

Proof. This follows from the previous two lemmas.O

Corollary 2.5 If W is a nondegenerate subspace of V, then V.= W L W+ (orthogonal
sum).

Proof. Clearly, W and W+ are orthogonal to each other. So it remains to show that
V =W oW+, As W is nondegenerate, W NW+, = {0}. Let v € V and f = B(v)|w. Then
because W is nondegenerate, there exists w € W with B(w) = f. Hence for all z € W,

~

B(v,z) = B(v)(2) = f(2) = B(w)(z) = B(w, 2).
So, v —w € W+ and we can write v = w + (v — w). Thereby W L W+ = V.0

Theorem 2.6 Fvery quadratic space has an orthogonal basis.

Proof. Let (V,B) be a quadratic space. If B = 0, then the assertion is clear. So, we
assume that B # 0. Then there exist vectors u,v € V such that B(u,v) # 0. Since
2B(u,v) = Q(u+v) — Q(u) — Q(v), it follows that there must be a w € V with Q(w) # 0.
Then the one-dimensional subspace W = Fw is nondegenerate, and by the last corollary
V =W L W', An application of the induction hypothesis to W= completes the proof.O

Let {e1,...,en} be an orthogonal basis for V, and let Q(e;) = a; for all i. For any
v=> me; €V, we have
Q) = a1zt + - + apx?.
In this case, we shall write V = (ay, ..., an).

Let (V,Q) and (V,Q’) be quadratic spaces over F. A linear map ¢ : V. — V' is an
isometry if

(a) o is a vector space isomorphism;
(b) Q'(o(z)) =Q(x) for all z € V.

Two quadratic spaces are isometric if there is an isometry from one to the other. The set
of all isometries from V to V itself form a group which is called the orthogonal group of V,
denoted O(V'). Suppose that z is an anisotropic vector in V. Then the function 7, : V. — V
defined by
2B(y, z)
Tz\Y) =Y —
A= 0w

is called the symmetry with respect to x, which is an element in O(V).

Theorem 2.7 (Witt’s Cancellation Theorem) If V, Vi and Va are nondegenerate quadratic
spaces over F' such that V-1 Vi 2V 1L V,, then V13 = Vs,



Proof. Since V is the orthogonal sum of 1-dimensional subspaces, it suffices to consider the
case where dimp (V) = 1; thus V = Fz. Under an isometry Fx L Vi — Fa L Vs, x is sent
to a vector y € Fr L Vi, Let u = (z +y)/2 and v = (x — y)/2. Then B(u,v) = 0 and
Q(z) = Q(u) + Q(v). This implies that either Q(u) or Q(v) is nonzero. If Q(u) # 0, then
—1u(z) = y; otherwise 7,(x) = y. Therefore, there is an isometry ¥ : Fo LV} — Faz 1LV,
such that X(z) = x. It is easy to see that ¥ must send V; to V5.0

2.2 The Norm Form

Let H be a quaternion algebra over F'. Recall that the reduced norm nr is a quadratic map
on H. So, H equipped with nr is a 4-dimensional quadratic space over F. If {1,i,7,k} is a

standard basis for H = ((’I;b>, then

nr(x + yi + zj + wk) = 22 — ay® — b2 + abw?,

and so {1, 1,7, k} is an orthogonal basis of H. Moreover, since ab # 0, H is nondegenerate as
a quadratic space. The subspace of pure quaternions Hy equipped with nr is a nondegenerate
3-dimensional quadratic space over F. Note that for any x € Hy, T = —=z, and thus for all
z,y € Hy we have

1
nr(z) = —z2 and B(z,y) = —i(xy + yx).

From now on, when we say that H or Hy is a quadratic space, it will be understood that
the associated quadratic form is the reduced norm. The main theorem of this subsection is
the following classification theorem of quaternion algebras in terms of quadratic spaces.

Theorem 2.8 Let H and H' be quaternion algebras over F'. Then H and H' are isomorphic
if and only if the quadratic spaces Hy and H{, are isometric.

Proof. Let nr and nr’ be the reduced norms of H and H’, respectively. Suppose first that
there exists an algebra isomorphism ¢ : H — H’. Let x be a nonzero vector in Hy. Then
v & Fbut 22 € F. So, ¢(z) ¢ F and ¢(z)?> = ¢(2?) € F. Therefore, ¢p(z) € H},
which shows that ¢ is a vector space isomorphism from Hy into H{. For any z € Hy,
nr’(¢p(x)) = —¢(z)? = ¢(—2?) = ¢(nr(z)) = nr(x). Thus Hy and H} are isometric.

Now suppose that o : Hy — H{, is an isometry. Let {1,4,7,4ij} be a standard basis

for H = (a};b). Since nr(i) = —i2 = —a, therefore 0(i)> = —n1r’(c(i)) = a. Similarly, we
have o(j)? = b. The elements i and j are orthogonal in Hy. Therefore, o(i) and o(j) are
also orthogonal. So, o(i)o(j) = —o(j)o(i). Then one can easily check that o(i) does not

commute with o(i)o(j), which means that o(i)o(j) € F. Also, (o(i)o(j))? = —ab € F.
Thus o(i)o(j) € Hj. If ro(i) + so(j) + to(i)o(j) = 0 for some r,s,t € F, then left
multiplication by o (i) to this equation forces » = 0. By a similar token, s = ¢t = 0. Thus

. . . . . . a,b
{1,0(i),0(j),0(i)o(j)} is a standard basis for H' so that H' = (T) .0



3 Quaternion Algebras over Local Fields

In this section, we give a more thorough discussion of quaternion algebras over a local
field. A local field, by our definition, is the completion of a number field with respect to
a nontrivial valuation. The complex numbers C and the real numbers R are examples of
local fields. By Corollary 1.15, every quaternion algebra over C must split. Over R, the

only quaternion algebras are <1ﬂ’§1 ), (l’ﬂg 1) and (71@71) = H, since R* has only two square

classes represented by 1 and —1 respectively. The first two are isomorphic to Ma(R).

3.1 Local Fields

Let F' be a number field, which is just a finite extension of Q. By definition, every element of
F is algebraic over F'. In other words, every element « of F'is a root of a monic polynomial
over Q. If this monic polynomial is over Z, then we say that « is an algebraic integer in
F. Let o be the set of all algebraic integers in F. Then o is a ring and we call it the ring
of integers of F'. It is well-known that the field of fractions of 0 is F, and o is a Dedekind
domain, that is, it satisfies the following three properties:

(a) it is Noetherian, which means that every ascending chain of ideals must become sta-
tionary after finite number of steps ;

(b) it is integrally closed, which means that an element of F' that is a root of a monic
polynomial over o is already in o;

(c) all its nonzero prime ideal are maximal.

A nontrivial consequence of these properties is that every nonzero ideal a of o0 is a product
of prime ideals, and these prime ideals, counted with multiplicities, are uniquely determined
by a.

A (multiplicative) valuation v on F' is a function v : F' — R such that

(1) v(z) >0 for all z € F, and v(z) = 0 if and only if = = 0.
(2) v(zy) = v(x)v(y) for all x,y € F.
(3) vz +y) <wv(x)+wv(y) for all z,y € F.

There is always the trivial valuation where v(z) = 1 for all  # 0. We assume throughout
that all valuations in the subsequent discussion are nontrivial. Two valuations v and v’ are
equivalent if there exists ¢ € R such that v'(x) = v(z)¢ for all z € F. A place of F is an
equivalence class of valuations on F. The set of all places of F' is denoted by Qg or simply
Q if F' is understood from the discussion. If v is a valuation on F, we also use v to denote
the place containing v.

A valuation v is called nonarchimedean if it satisfies in addition the ultra triangle in-
equality

(3) vl +y) < max{v(x),v(y)}
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for all z,y € F with equality when v(z) # v(y). A place v is called a finite place if it
contains a nonarchimedean valuation. Otherwise it is called an infinite place. The set of all
finite places of F' and the set of infinite places of F' are denoted by €y and Q., respectively.

Let v be a place of F. The function d(x,y) = v(x — y) defines a metric on F. The
completion of F' with respect to this metric is denoted by F;,, which is a locally compact
complete metric space. The valuation v extends uniquely to a valuation on F, which we also
denote by v. It turns out that Fj, is a field, and its addition, subtraction, multiplication and
taking inverse are all continuous operations with respect to the metric topology. Associated
to v is an embedding o, : F' — F,, and we can identify F' as a subfield of F}, through o,.
We usually make no distinction between F' and o,(F"). So, when we write F' C F,, it is
understood that F' is embedded in F,, through o,. In this way, we identify each element
a € F with its image o,(a) in F,.

If v is a finite place, then F), is called a p-adic field. The set {x € F, : v(z) < 1} is a
subring of F,,, which is called the ring of integers in F,,. It is a local ring with maximal ideal

py(or simply p) = {x € F, : v(x) < 1}.

Every nonarchimedean valuation of F' is coming from a nonzero prime ideal of o in the
following way. Suppose that p is a nonzero prime ideal of 0. For any nonzero element x in
0, the ideal xzo has an ideal factorization

zo = p"a,

where p 1 a. Let N(p) := |o/p| be the norm of p and set v(x) = N(p)~". Then v extends to an
nonarchimedean valuation on F'. It turns out that this way of constructing nonarchimedean
valuations yields a bijection between 2y and the nonzero prime ideals of 0. The residue
field of F, is the field o,/p,, which is isomorphic to o/p, a finite extension of the field Z/pZ
of p elements. A consequence of this is that o, is a compact subset in F},, which makes F,
locally compact. The ring o0, is a PID, and its maximal ideal p,, is generated by any element
7 € p\ p?. In general, a generator of p, is called a uniformizer of F,, which is an element
in p, of the largest valuation. The nonzero ideals of o, are of the form p!', n € N. Let 7 be
a uniformizer of F,. Then every nonzero element in F, can be written as 7€ with m € Z
and € a unit in 0,.

Suppose that [F' : Q] = n. Then there are n different embeddings of F' into C. An
embedding o : F' — C is called a real embedding if o(F) C R; otherwise it is called a
complex embedding. Since complex embeddings occur in pairs, n = r 4+ 2s where r (resp.
s) is the number of real (resp. complex) embeddings of F. If o is an embedding of F
into C, then v(a) = |o(a)| is a valuation on F. Here | | is the complex modulus. Note
that a complex embedding and its complex conjugation yield the same valuation. So the
total number of inequivalent valuations obtained in this way is r + s, and they correspond
to all the infinite places of F'. An infinite place v of F' is real if it corresponds to a real
embedding; otherwise it is called a complex place. When v is a real (resp. complex) place,
F, is isomorphic to R (resp. C).
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Example 3.1 There is only one infinite place on Q which contains the usual absolute
value on R. This is clearly a real place. Let p be a prime number. For any nonzero rational
number x, we can write x = p"z, where z is a rational number for which p divides neither
the numerator nor the denominator. Then v(x) = p~" is called the p-adic valuation on Q.
The completion of Q with respect to this valuation is called the field of p-adic numbers,
denoted Q,. The ring of integers in Q,, is Z,, the ring of p-adic integers.

In this lecture notes, a local field always means the completion of a number field with
respect to a valuation. Let K be a local field and E/K be a finite extension. It turns out
that F is also a local field. If v is a valuation on K, then v extends uniquely to a valuation
w on E by

w(z) = v(Npy(z) BT,

where Ng ¢ is the norm from F to K.

Definition 3.2 A finite extension of p-adic fields F/K is called unramified if a uniformizer
in K is also a uniformizer in E. Otherwise E/K is ramified.

Let o and o be the ring of integers of K and FE, respectively, and let 7 be a uniformizer
of K. Then F/K is unramified if and only if 7 generates the maximal ideal of 0. In general,
if p is the maximal ideal of og, then mog = p%, for some positive integer e. This e is called
the ramification index of E/K. Note that E/K is unramified exactly when e = 1. The
residue field og/pp is a finite extension of the residue field ox /pr. Its degree of extension
[0r/pE : 0K /PK]| is called the residue degree of F/K, usually denoted by f.

Theorem 3.3 (Local Fundamental Identity) If E/K is a finite extension of p-adic fields,
thenef = [E : K].

The next theorem is an important result form local class field theory.
Theorem 3.4 (Local Norm Index) Let E/K be a finite abelian extension of local fields.

Then
[K™: NE/K(EX)] =[F: K]

Corollary 3.5 Let E/K be a quadratic extension of p-adic fields. Then E/K is unramified
if and only if Ng i (E*) contains all the units of the ring of integers in K.

Proof. Suppose that E/K is unramified. If 7 := Ng/k(z) is a uniformizer of K, then

w(x) = v(NE/K(:):))% = U(W)%. But since 7 is also a uniformizer of F, we must have

N|=

1>ov(r) =w(r) > wx) =v(r)2,

which is impossible. So, Ng/x(E*) does not contain any uniformizer of K. Notice that
Ng/k(E™) contains K %2 and that every coset in K> /K*? is represented by an element of
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K of the form 7°¢, where § € {0,1} and € € 0. So, [K* : 0j- K*?] = 2. It follows form the
Local Norm Index Theorem that N/ (E™) is equal to 05K *? in this case.
The converse now is obvious.O

We can say more about unramified quadratic extensions of p-adic fields. Inside one
algebraic closure of a p-adic field K, there is only one unramified quadratic extension of
K. This extension is given by K(y/u), where u is some specific chosen unit of ox. If K is
nondyadic, that is when the residue field of K has odd characteristic, then u can be chosen
to be any nonsquare unit in 0. When K is dyadic, then v is chosen from one specific
square class of units. In the special case K = Q2, we can choose ¢ to be 5.

3.2 Quaternion Algebras over p-adic fields

Let F be a p-adic field, with ring of integers o, uniformizer m, p = mo the unique maximal
ideal and F' = o/p the residue class field. We fix a valuation v on F.
Let H be a quaternion division algebra over F. Define

w:H—=R
by w(z) = v(nr(z)). Note that w(r) = v(7)?2.

Lemma 3.6 The function w is a nonarchimedean valuation on H

Proof. We need to show that w satisfies the following two properties:
(a) w(z) >0 for all x € H, and w(z) = 0 if and only if z = 0;
(b) w(wy) = w(z)w(y) for all 2,y € H:
(¢) w(e+y) < max{w(x), w(y)} with cquality when w(z) £ w(y).

Property (a) and (b) follow immediately from the definition of v and the multiplicative
property of nr. For (c), let E be a quadratic field extension of F' inside H. The restriction
of nr on E is the norm Ng,p of the extension E/F. Now v o Ng/p is a nonarchimedean
valuation on the p-adic field £. Thus w restricted to such a quadratic extension satisfies
(c). So for z,y € H*,

w(z +y)w(y) ™ = wley™ —1) < max{w(ey™),w(1)}

with equality if w(zy~') # w(1). Note that w(1) = 1 and that w(zy~') = w(z)w(y) ! from
(b). Hence w satisfies (c).0

Corollary 3.7 Let O ={z € H:w(z) <1} and P={z € H : w(z) < 1}.

(a) O is a ring and P is a two-sided ideal of O. The unit group of O is precisely the set
O\P.

(b) nr(O) C o and nr(P) C p.

13



(c) Let z € P be such that w(z) is mazimal. Then P = 20 = Oz.
(d) P C 7O CP.

(e) The map x + P +— zx + P? is a F-vector space isomorphism from O/P to P/P2.

Proof. Parts (a) and (b) are straightforward. For (c), if y € P, then w(y) < w(z). Hence
w(z"'y) = w(yz~') < 1, which means that y is in 2O and Oz.

For (d), it is clear that 7O C P. Note that w(n~12%) = [v(r) lv(nr(2))]? < 1. So,
22 € 7O and hence P2 C 70.

For (e), the map = + P +— zx + P? is a F-linear map. By (c), it is surjective. Suppose
that zz € P2. Then 2 € P which shows that the map is injective. O

Proposition 3.8 The quotient O/P is a finite field.

Proof. By part(a) of Corollary 3.7, O/P is a division ring. We proceed to show that O/P
is a finite division ring. Then Wedderburn’s Little Theorem says that every finite division
ring is a field, whence the theorem.

For any x € H, there exists m € Z such that 7™z € O. It follows that H = FO. We
choose a basis {1, x9, 3,24} of H such that z; € O for all i. Since H, equipped with the
quadratic map 2nr, is a nondegenerate quadratic space over F', there exist =7, 23, x3, 2y € H
such that

B(zi,z;) = 6ij  (Kronecker’s delta)

where B is the symmetric bilinear form associated to 2nr. The z] are clearly linearly
independent over F. If z € O and = = ), a;z], then since 2nr(y) € 20 for all y € O, we
have a; = B(x,x;) € o for all i. Thus

4

4
Zoxi _OQZO:U;‘,
i=1

1=1

and O is a (necessarily) free o-module of rank 4. It follows that O/7O is a 4-dimensional
vector space over the finite field . So, O/7O is a finite set. Since 7O C P, O/P is also a
finite set.O

The p-adic field F' has a unique unramified quadratic extension K = F'(y/u), where u is
from a specific square class of units in 0. Let K be the residue field of K. Then K can be
regarded as a quadratic extension of F. By Corollary 3.5, the norm group N K/ p(KX) is a
subgroup of index 2 in F* which contains all the units in o, and the nontrivial element in
the quotient group F* /Ny, (K *) is represented by a uniformizer 7. Thus the quaternion
algebra (”I’}T) is a division algebra.

Theorem 3.9 Up to isomorphism, (ul’f) s the only quaternion division algebra over F.

Proof. Let H be a quaternion division algebra over F'. The first step is to show that an
unramified quadratic extension of F' embeds in H. We have shown that O/P is a finite
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extension of F. By Corollary 3.7(e), O/P and P/P? have the same dimension as F-vector
spaces. Therefore dimz#(O/P) > 1, in particular, O/P # F.

Now choose a € O such that O/P = F(a + P). Then a ¢ F and hence K = F(a) is
a quadratic extension over F. Since K/F is a nontrivial extension, therefore the residue
degree f of K/F is at least 2. It then follows from the Local Fundamental Identity that
f must be exactly 2 and the ramification index of K/F is 1. So, K/F is unramified, and
hence there exists 7 € K such that i2 = .

The two square roots 4 of u give two embeddings of K into H. By the Skolem-Noether
Theorem, there is a j € H* such that —i = jij~!. Thus {1,4,7,ij} is a basis of H (verify!).
Since j2 commutes with 4, j2 is in center of H and hence j2 € F. This implies that {1,4, j, 45}
is a standard basis of H.

Let j2 = 7™, where € € 0. We may assume that m = 0 or 1. Since every € in 0*
is a norm of an element in K, (%) splits. Thus m = 1, and there exists a,b € F such
that a® — ub® = €. It remains to show that H = (“1’;”). It suffices to show that Hy has an
orthogonal basis {e1, €2, e3} such that nr(e;) = —u,nr(e2) = —7 and nr(e3) = wu.

Since H = (%), Ho has an orthogonal basis {fi, f2, f3} such that nr(f;) = —u,
nr(fy) = —me and nr(f3) = meu. Now, let e; = f1, ex = ¢ '(afo+bf3) and e3 = e L (ubfs +
afs). It is direct to check that {ej,ea,e3} is the desired orthogonal basis of H.O

Theorem 3.10 Let L/F be a quadratic field extension. Then (ul’;r) splits over L.

Proof. If L is an unramified quadratic extension of F, then L = F(/u) and hence (“*)
splits.
Now suppose that L/F is ramified. Let K = F'(y/u) and set M = L(y/u). Then

[M:F)=[M:L|[L:F]=[M:L]
since L/F is ramified. On the other hand,
[M:F]=[M:K|K:F|=2[M:K|.

So, [M : L] = 2 and M/L is unramified. Let p be a uniformizer for L such that 7 = p*t,
where t is a unit of the ring of integers in L. Then

(u;) _ (u,£2t> _ <uLt>

But ¢ is a norm of an element in M since M/L is unramified. Thus (uL’t) splits.O

We can say a bit more when F' is a nondyadic p-adic field. The following is a well known
result in the theory of local fields.

Theorem 3.11 (Hensel’s Lemma) Let f(z) be a monic polynomial in o[z]. Suppose that
f(z) mod p admits a factorization g(x)h(x), where g(x) and h(x) are relatively prime poly-
nomials in Fz]. Then f(x) admits a factorization g(x)h(x) in o[z], where g(z) mod p =

g(z) and h(x) mod p = h(z).
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Corollary 3.12 Let F be a nondyadic p-adic field. Then F*/F*2 is a group of order /
whose elements are represented by 1,u, ™ and wu where u is a nonsquare unit in o.

Proof. By Hensel’'s Lemma, an element ¢ € 0* is a square if and only if ¢ is a square
modulo p. Since the residue field o/p is a finite field of odd characteristic, it has exactly
two square classes. So, 0™ also has exactly two square classes. The Corollary now follows
immediately.O0

Theorem 3.13 Let F' be a nondyadic p-adic field. Let H = <‘}b), where a,b € 0.

(a) If a,b € o, then H splits.
(b) If a € 0* and b € p\ p?, then H splits if and only if a is a square.

(c) If a,b € p\ p?, then H splits if and only if —a~'b is a square.

Proof. (a) We may assume that a« = u. Then b is a norm of an element in F(y/a). Hence
H splits.

(b) Once again, we may assume that a = w, which is not a square mod p. Since F'(y/u)/F
is unramified, b is not a norm from F'(y/u). Therefore, H does not split in this case.

(¢c) Note that (‘}b> = (#) and —a~'b is a unit in 0. Therefore, (aﬁb> splits if and

only if —a~'b is a square, by part (b).O

4 Quaternion Algebras over Number Fields

In this section, F' is a number field and o is the ring of integers of F.

4.1 Local to Global

Let K be a finite extension of F. The restriction of a valuation on K to F' is a valuation
on F. For every place v of F, there are only finitely many places w of K such that the
restriction of any valuation in w on F' is a valuation in v. Those w are said to be lying
above v and we write w | v. Moreover,

) K®pF, HKw.

wlv

This decomposition gives

Ngp(a) = H Ny /v(@)

wlv

and

TK/F(a) = ZTw/v(a)'

w|v
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Here N/, and T/, are the norm and the trace of the extension K., /F,. Recall that the
valuation on K,, that extends v on Fj, is defined by w(z) = U(Nw/v(x))l/[Kw:F”}. It also
follows from () that

Y [Ky: F)=[K:F].

wlv

If e, and f, are the ramification index and residue degree of K, /F,, then the Local
Fundamental Identity implies:

Z ewfw=[K : F] (Fundamental Identity).

wlv

We now mention some results from class field theory. An element a € F is called a
global norm (of the extension K/F) if a € Ng/p(K). For any v € Qp, a is called a local
norm at v if a € Ny, (Ky) for all w | v.

Theorem 4.1 (Hasse’s Norm Theorem) Let K/F be a cyclic extension of number fields,
and let a € F'. Then a is a global norm if and only if it is a local norm at every v € Qp.

We shall be interested in the special case when K/F is a quadratic extension. In this
case, K = F(/0) for some § ¢ F2. An element a € F is a global norm if the diophantine
equation 22 — 6y% = a has a solution over F. For every v € Qp, by (#) there are either one
or two places of w lying above v. The latter occurs exactly when § is a square in F, and
we say that v splits in K. If there is only one w lying above v, then K,,/F, is a quadratic
extension and a is a local norm at v if and only if 22 — 2 = a has a solution over F,. If
there are two places of K lying above v, then every a € F is a local norm at v. At the
same time, the equation 22 — 6y? = a always has a solution over F,. Hence Hasse’s Norm
Theorem in the special case can be rephrased as: 22 — 6y? = a has a solution over F if and
only if 22 — 6y = a has a solution over F, for every v € Qp.

Theorem 4.2 (Global Square Theorem) Let § be an element in a number field F'. Then §
1s a square in F if and only if § is a square in F,, for almost all v € Qp.

Recall that a quadratic space (V, Q) is called isotropic if there exists a nonzero vector
v in V such that Q(z) = 0; such a v is called an isotropic vector. The space V is called
isotropic if it has an isotropic vector, and is called nondegenerate if it does not have any
nonzero vector that is orthogonal to all vectors in V. If v is a place of F', then V,, denotes
the quadratic space F, ®¢ V with quadratic form Q,(a ® z) = a?Q(z) for all a € F, and
r € V. We often abuse the notation and use the same @, instead of @Q,, to denote the
quadratic form on V,,.

The next theorem is one of the most important theorem in the algebraic theory of
quadratic forms.

Theorem 4.3 (Hasse-Minkowski Theorem)
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(a) Let V' be a nondegenerate quadratic space over a number field F. Then V' is isotropic
if and only if V,, is isotropic for all places v of F'.

(b) Let V and W be nondegenerate quadratic spaces over a number field F'. Then V and
W are isometric if and only if V, and W, are isometric for all places v of F.

Let us look at part (a) of the Hasse-Minkowski Theorem. We may assume, by scaling
the quadratic form on V suitably, that there exists v; € V with Q(v1) = 1. We can extend
v1 to an orthogonal basis {v1,...,v,} of V. If n = 2, then there exists a 6 € F* such that
every Q(v) is of the form x? + 6y? with x,y € F. So, V is isotropic if and only if —d is a
square in F. Thus part (a) in this case is just the Global Square Theorem. If n = 3, then
the corresponding quadratic form on V is of the form 22 + §y? + vz2. We may assume that
—9J is not a square in F'. Then V is isotropic if and only if v is a norm from the quadratic
extension F(v/—6), and part (a) in this case is just Hasse’s Norm Theorem. The rest of
the proof for part (a) is an (nontrivial) induction on the dimension of V; see page 187 in
O’Meara’s book.

For part (b), we first observe that the case n = 1 the theorem is equivalent to the Global
Square Theorem. Suppose that n > 1. It suffices to look at the ”if” part of the statement.
We may assume that V has a vector x such that Q(z) = 1. Then V = (1) L V' for some
subspace V' of dimension n—1 . At each v, there is a vector w, € W, such that Q(w,) = 1,
since W, 2 V,,. This means that the space (—1) L W, is isotropic for every v and, by part
(a), the space (—1) L W is isotropic. Thus there exists a vector w € W with Q(w) = 1.
So, W = (1) L W’ for some subspace W' of dimension n — 1. Now, by Witt’s Cancellation
Theorem, V] = W/ for all places v. It follows from an induction on the dimension that
V= W' whence V = W.

4.2 Classification
Let v be a place of F. For any a,b € F,*, define the Hilbert Symbol

(a,b)y = 1 if az? + by? = 1 has a solution in F;
7Yl =1 otherwise.

By Theorem 1.13, (a,b), = 1 if and only if the quaternion algebra (%’) splits. Now,

suppose that a and b are in F'*. For almost all finite places v, a and b are units of o,.
Therefore, by Theorem 3.13, (a, b), = 1 for almost all v.

Theorem 4.4 (Hilbert’s Reciprocity Law) Let a,b € F*. Then

H(CL, b)v = 17

v

where the product is taken over all places of F'.
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Let H be a quaternion algebra over F'. For any place v of F', let H, denote the quaternion
algebra F, ®p H over F,,. If v is a complex place, then H, necessarily splits. However, if v is
a real place or a finite place, then H,, either splits or is isomorphic to the unique quaternion
division algebra over F,,. Note that H, splits for almost all places v.

Theorem 4.5 Let H be a quaternion algebra over a number field F'. Then H splits over
F if and only if H, splits over F, for all places v of F'.

Proof. By Theorem 1.13, H splits over F' if and only if Hy is isotropic. The theorem now
follows immediately from the Hasse-Minkowski Theorem.O

Definition 4.6 Let H be a quaternion algebra over a number field F. Then H is said to
be ramified at a place v if H, is a division algebra. Otherwise, H splits at v. The set of
places at which H is ramified is denoted by Ram(H).

Proposition 4.7 The set Ram(H) is a finite set containing even number of places.

Proof. This is a consequence of Hilbert’s Reciprocity Law.O

Theorem 4.8 Let H and H' be quaternion algebras over a number field F'. Then H = H'
if and only if Ram(H) = Ram(H').

Proof. By Theorem 2.8, H and H' are isomorphic if and only if Hy and H{, are isometric as
quadratic spaces. By the Hasse-Minkowski Theorem, Hy and H{, are isometric if and only
if (Ho), and (H|), are isometric for all places v, which is the same as saying that H, and
H] are isomorphic for all places v. But H, and H are isomorphic if and only if either they
both split or they are both ramified. Thus H and H' are isomorphic if and only if they are
ramified at the same set of places.O

5 Orders in Quaternion Algebras

5.1 Orders

Throughout this subsection, F' is either a number field of a p-adic field. Its ring of integers
o0 is a Dedekind domain. In particular, F' is the field of fractions of 0, and o is an integrally
closed Noetherian ring in which every nonzero prime ideal is maximal.

Let Ir be the set of nonzero finitely generated o-submodule of F. The elements in Ip
are called the fractional ideals of F'. The nonzero ideals of o are elements of I'r, and they
are called the integral ideals of F'. Let a,b be two fractional ideals. Their product ab is the
o-module generated by the products ab with a € a and b € b. The inverse of a is defined to
be a=! = {z € F :xa C o}. It turns out that ab and a~! are also fractional ideals. In fact,
Ir is an abelian group under the multiplication of fraction ideals just defined. The identity
element is 0, and a~! is indeed the inverse of a, that is aa~" = 0. An important result about

19



Dedekind domain is that Iz is the free abelian group on the set of nonzero prime ideals of
0. In other words, every fractional ideal a has a unique prime ideal factorization

_ Q1 at
a=p; P

where each p; is a nonzero prime ideal of o and each a; is a nonzero integer.

Let Pr be the set of principal fractional ideals ao, o € F*. Then Pp is a subgroup
of Ir, and the quotient Ir/Pp is called the ideal class group of F. This group is a finite
group for those fields F' we are considering here. The order of this group is called the class
number of F'. When F' is a p-adic field, its class number is always 1.

Definition 5.1 Let V be a finite dimensional vector space over F. An o-lattice in V is a
finitely generated o-module contained in V. An o-lattice L in V is said to be complete if
FL=V.

From now on, unless stated otherwise, every vector space is finite dimensional over F
and every lattice in V' is an o-lattice. Since o0 is a Dedekind domain, every lattice L in a
vector space V can be written as L = ox1 @ - - - ® 0x,_1 P axy for some x1,...,2, € V and
a fractional ideal a. If L is complete, then {x1,..., 2y} is necessarily a basis of V.

Theorem 5.2 (Invariant Factor Theorem) Let L and M be two complete lattices in a vector
space V' over F. Then there is a basis {x1,...,xn} of V such that

L=mx1+ -+ a2,
M =aitiz1 + - + A thTn

where ay,...,0,,t1,...,t, are fractional ideals of F with v1 D to 2 -+ D t,. The v
determined in this way are unique.

The fractional ideals tq, ..., t, of the last theorem are called the invariant factors of M
in L. It is clear that M C L if and only if all the v; are integral ideals.

Corollary 5.3 Let L be a complete lattice in a vector space V. and M be an o-module
contained in V. Then M is a complete lattice if and only if there exists nonzero a € o such
that aL, C M C a~'L.

Proof. Suppose that there is an a € o such that aL C M C a~'L. Since ¢~ 'L is a finitely
generated o-module and o is Noetherian, M is also finitely generated. Moreover, since
alL C M, M contains a basis of V. Thus M is a complete lattice.

Conversely, suppose that M is a complete lattice. By the Invariant Factor Theorem,
there exists nonzero a € o such that aL C M and aM C L.O

Definition 5.4 Let H be a quaternion algebra over F. An o-ideal in H is a complete

o-lattice in H. An orderin H is an o-ideal which is also a ring. A mazimal order is an order
which is maximal with respect to inclusion.
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Henceforth, H is always a quaternion algebra over F. We first demonstrate the existence
of an order in H. Unless stated otherwise, an ideal in H is always an o-ideal. If I is an
ideal in H, then the left order of I and the right order of I are defined respectively by

Oul)={aecH:aICI}, O, (I)={acH:IaCI}.

Lemma 5.5 If I is an ideal in H, then Oy(I) and O,(I) are orders in H.

Proof. We shall show only that Oy(I) is an order; the argument for O,(I) will be the same.
Clearly, Oy(I) is a subring and an o-submodule of H.

Since [ is an ideal in H, there exists a nonzero s € o such that s-1 € I. Therefore,
Oy(I)(s-1) C I; whence Op(I) C s~1I. This shows that Oy(I) is finitely generated as an
o-module. So, O,(I) is a lattice.

Now, for any y € H, ylI is a lattice in H. Therefore, there exists a nonzero a € o such
that ayl C I. Then ay € Oy(I) and hence FOy(I) = H. This complete the proof that
O¢(I) is an order in H.O

Let O be an order in H. Since O is a finitely generated o-module and o is Noetherian,
every element of O is integral over o. More generally, suppose o« € H 1is integral over o.
Since a? — tr(a)a + nr(a) = 0, it follows that tr(a) and nr(a) are in o.

Lemma 5.6 Let O be a subring of H. Then O is an order in H if and only if O contains
0, FO = H and O is integral over o.

Proof. 1t is clear that if O is an order in H, then O has all the properties stated in the
lemma.

For the converse, let {z1,z2, 23,24} be a basis of H such that z; € O for all 7. It can
be checked readily that H, equipped with the (reduced) trace tr as the symmetric bilinear
form, is a nondegenerate quadratic space. Therefore, d = det(tr(z;x;)) # 0. Let L be the
ideal spanned by the z;. Then L C O. Suppose that oo € O so that

4
o= Zbixi, b; € F for all 7.
i=1

For each j, ax; € O and so

4
tr(oz;) = Z bitr(z;z;) € o.
=1

Thus b; € d o and O C d~'L. So, O is a finitely generated o-module which implies that
O is an order.O

Corollary 5.7 FEvery order in H is contained in a maximal order.

Proof. Apply Zorn’s Lemma and the characterization of orders given in the last lemma.O

21



The set of all elements in H that are integral over o is not necessarily an order. For

example, let H = <_1@_1) with standard basis {1,4,7,4j}. Then « =4 and § = (3i +45)/5
are integral over Z, but neither a8 nor a + 3 is integral over Z.

If O is an order in H and o € H*, then aOa ! is also an order in H. So, the conjugate
of a maximal order in H is also a maximal order. However, there could be more than one

conjugacy classes of maximal orders in a quaternion algebra.

5.2 Localizations I

In this subsection, F' is a number field and o is the ring of integers in F'. The symbol p
always denote a finite place of F' or its associated prime ideal of 0. For any p € Qy, let o(p)
be the localization of o with respect to the multiplicative set o \ p. In other words,

o(p)={a/be F:aco,bcol\p}.
It is a local ring with maximal ideal
p={a/be F:acpbeolp}

Let & be an nonzero element in F. The exponent of p appearing in the prime ideal
factorization of the fractional ideal zo is denote by ordy(x). It is our convention that
ordy(0) = co. We claim that

o(p) = {a € F :ordy(a) > 0}

and so
p={a € F:ordy(a) > 0}.

It is clear that ordy () > 0 for all o € o(p). Conversely, suppose that ord,(«) > 0 and we
can write o = a/b, where a,b € 0. Then ordy(a) > ord,(b). Suppose that ord,(b) = n, or
equivalently, bo = p"b for some integral ideal b. Let a be an integral ideal belongs to the
ideal class containing p~'. So, ap is a principal ideal to for some ¢ € o.
If pta, then a Z p. Then there exists x € a but = ¢ p. Therefore, xo = ac, where p 1 c.
This implies
x"bo = (ap)"cb = t"¢b.

Set b’ := 2™b/t", which is an element in o \ p. Using the same argument we can show that
the element a’ := 2"a/t" is in 0. Then oo = a/b = d'/b" € o(p).

If p | a, then a C p. Choose an integral ideal i such that ia is principal generated by
d € 0. Then ia Z 0p. Fix an € € i such that ea € dp and set v = €/6. Then ya C o and
ya € p. So, va is an integral ideal in the ideal class containing p~' and p { ya. We can then
replace a by ~va in the last paragraph.

Let I be a nonzero ideal of o(p). Among all the elements in I, choose one, say =z,
such that ordy(z) is the smallest. For any a € I, ordy(a) > ordy(z), which implies that
ordy(ax™t) > 0, that is az~! € o(p). Thus, a € zo(p) and hence I = xo(p). This shows
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that o(p) is a PID and its ideals are 7™o(p) = p”, n > 0. The rings o(p) are subrings of F’
and o can be recovered from them as

0= ﬂ o(p).

pEQf

Lemma 5.8 Let V be a finite-dimensional vector space over F' and let L be an o-lattice in

V. Then
L= () o(p)L.
pGQf
Proof. Tt is clear that L is contained in the intersection. For the converse, let {x1,..., 2}

be a generating set for L as an o-module; thus it is also a generating set for o(p)L as an
o(p)-module for each p. Suppose that z is in the intersection. Let

J={y€o:yxe L}

Then J is an integral ideal of 0. Fix a p in Q. We can write z = Zle a;r; with a; = b;/¢;,
where b;,c; € 0 and ¢; & p for all . Let ¢ =c¢1---¢x so that ¢ € p. However, ¢ € J. Thus J
is an integral ideal of o which does not lie in any nonzero prime ideal of 0. This shows that
J=0. Thus1 € Jand z € L.0O

This result will be applied to the case when V' is a quaternion algebra H over F' and L
is an o-ideal in H.

Lemma 5.9 Let I be an o0-ideal in an quaternion algebra H over F. For each prime ideal
p € Qy, let I(p) be an o(p)-ideal in H such that I(p) = o(p)I for almost all p. Then

J= (] I(p)
peEQ;

is an o-ideal in H such that o(p)J = I(p) for all p.

Proof. Let {x1,x9, 23,24} be a basis of H in I, and let L be the o-ideal oxy + -+ + oxy.
Then L C I, and there exists an nonzero r € o such that v/ C L. For almost all p, r is a
unit in o(p). Therefore, for almost all p,

As a result, we can find an nonzero a € o such that

al(p) Co(p)L Ca tI(p) for all p.
Then

= (I <Ca' () opL=a'L

PGQf )JEQf
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by Lemma 5.8. Thus J is an o-lattice in H. By the same token, a. C J; thus J is an
o-ideal in H.
Now, for each p € Q, o(p)J C o(p)I(p) = I(p). For the reverse inclusion, let ji, ..., jx
be a generating set for J as o-module. Let x € I(p) so that x = ), a;j; with a; € F.
Choose a nonzero s; € 0 so that sja; € 0. Suppose that sj0 has the following prime ideal
factorization
s10 = p"0qy" - qp

where n; > 1 for 0 < ¢ < t. By the Chinese Remainder Theorem, there exists d; € o such
that
{ sja; +s;  mod poth
d1 = n;+1 .
$1 mod g, forl1 <<t
Then b; = dy/s1 is such that by —aj € o(p) and by € o(q) for all prime ideals q # p. Repeat
the same for each a; to obtain a b;, and let y = > b;j;. Then y € o(q)J C I(q) for all
q#p. Also,y—x = > (b —a;)j; € o(p)J C I(p). Thus y € I(p) and so y € J. Hence
r=y—(y—x)€o(p)).O
Note that if O is an o-order in H, then o(p)O is an o(p)-order in H and the above lemma
holds with “ideals” replaced by “orders”.

Lemma 5.10 Let O be an o-order in a quaternion algebra H over F. Then O is a mazximal
o-order if and only if o(p)O is a maximal o(p)-order for all p € Qy.

Proof. Suppose that O is maximal but o(p)O C A(p) for some o(p)-order A(p). Define an
order O by

£ '
Alp)  ifa=p.
Then O C O'; s0 O = O and hence o(p)O = A(p).

Conversely, suppose that each o(p)O is maximal and O is contained in a maximal o-order
O'. Then clearly o(p)O C o(p)O’ for all p. By maximality, we have

o(p)O =o(p)0’" for all p.

The result then follows from Lemma 5.8.0

In later discussion, we will identify o(p)O with o(p) ®, O.

5.3 Localizations I1

In this subsection, we shall interpret the local-global results obtained in the last subsection
in the context of ideals and orders over the p-adics. If H is a quaternion algebra over F,
then H, denotes the quaternion algebra I, ®z H. For any lattice L in H, L, denotes the
op-lattice 0y ®, L in Hy. If O is an order in H, then O, is an op-order in Hy. Note that
Op = 0p ® O = 0y Dy () (0(p)O).
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Lemma 5.11 There is a bijection between o(p)-ideals (resp. orders) in a quaternion algebra
H over F and the op-ideals (resp. orders) in the quaternion algebra H, over F, given by
the map

I+— Op ®o(p) 1

which has the inverse J — J N H.

Proof. Since o(p) is a PID, I is free as an o(p)-module. Let {z1,x2,x3, 24} be a basis of
I over o(p). Then in Fy, ®F H, (0p @,y I) N H consists of the o, N F' = o(p) linearly
combinations of the z;. Thus (op ®ap) 1) N H = 1.

Now, suppose that J is an op-ideal in H, and that {y1,y2,y3, 4} is a basis of J over o,.
Let {z1, 29, 23,24} be a basis of H over F' so that z; = Zj bijy; for all i. Then B = (b;;)
is an invertible matrix in My(F}). Since F is dense in F,, we can choose ¢;; € F' such that
the entries of C' = (¢;;) is close enough to those of B~! to make C'B to be a unit in My(op).

Now let z; = 3 cijz; = >, cijbjryk- Then {21, 25, 23, 24} is a basis of J over oy, which
is also a basis of H over F'. Thus J N H consists of the o, N F' = o(p) linear combinations
of the 2, and so is an o(p)-ideal in H such that o, ®,¢,) (J N H) = J.O

Fix an o-ideal I in H. Let J be the set of o-ideals in H, and let ¥ be the set of all
sequences (Ly) such that Ly is an op-ideal in Hy for all p € Q; and Ly = I, for almost all p.

Lemma 5.12 The map J +— (Jy) is a bijection from J to .

Proof. 1f J is an o-ideal in H, then there exist nonzero a,b € F such that aJ C I C bJ. For
almost all p, a and b are units in o, so that J, = I, for almost all p.

Now, suppose that a sequence (Ly) in T is given. Let J(p) = H N Ly, which is an o(p)-
ideal in H by Lemma 5.11. Furthermore, J(p) = o(p)/ for almost all p. Then J = Ny J(p)
is an o-ideal in H, and J, = L, for all p. Thus the map J — (J,) is surjective. Now if
ideals J and J’ have the same image under this map, then o(p)J = o(p).J’ for all p. Then,
by Lemma 5.8, J = J’ and the map is injective.0

Corollary 5.13 Let O be an o-order in the quaternion algebra H over F. Then O is
mazimal if and only if Oy are maximal op-orders in Hy, for all p € Q.

Proof. Exercise.O

5.4 Discriminants

In this subsection, F' is the field of fractions of a Dedekind domain o, and H is a quaternion
algebra over F.

Definition 5.14 Let O be an o-order in H. The discriminant of O, denoted d(O), is the
fractional ideal of o generated by the elements det(tr(x;x;)), where x1, z2, 23,24 € O.

Since O is an o-order, it must contain a basis of H over F. Thus d(O) is nonzero (recall
that H together with tr(z?) as the quadratic form is a nondegenerate quadratic space over
F). Also, since every element in O is integral over o, d(O) is an integral ideal.
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Proposition 5.15 If an o-order O in H is free with a basis {u1,uz,us,us} over o, then
d(O) is the principal ideal generated by det(tr(uiu;)).

Proof. Let x1,x2, 23,24 € O so that x; = ), a;puy with a;; € o for all 4, k. Then
det(tr(x;z;)) = det(a;) det(tr(u;u;)) det(a;; )"
and the result follows.O

Example 5.16 Let O = M>(0). It has a basis {F;; : 1 <4,j <2}, where Ej; is the matrix
with 1 in the (4, j)-entry and 0 elsewhere. Using this basis one can easily compute d(O) = o.

Q
Zj + Zij. Then d(O) = 16Z. Let O’ be the Z- order O + Za, where o = (1 414+ j +ij)/2.

Then O C O/, and d(0') = 47Z.

Example 5.17 Let H be the quaternion algebra <_1’_1> and O be the Z-order Z + Zi +

Lemma 5.18 Suppose that o is a PID. If O1 and Oy are two o-orders in H with O1 C Os,
then d(O2) | d(O1), and O1 = Oy if and only if d(O1) = d(O3).

Proof. The first assertion is clear. For the second assertion, suppose that d(O1) = d(Os).
Let {uy,u2,us,us} be an o-basis of Oy, and let {v1,vs,v3,v4} be o0-basis of Q. Since
O1 C 0o, the matrix T' that expresses the u; in terms of the v; has entries in 0. But

det(T)? det(tr(vivy)) = det(tr(uiu;));

thus T' € GL4(0) and hence 07 = 0y.0

Now, assume that F' is a number field and o is its ring of integers. Let O be an o-order
in H. Then it can readily be shown that d(o(p)O) = o(p)d(O) for all p € Q. Each o(p) is
a PID and we can compute d(o(p)O) using a basis of o(p)O. Then, by Lemma 5.8,

d(0) = 7 d(o(p)O).

peQy

Theorem 5.19 Suppose that F' is a number field and o is its ring of integers. Let O1 and
O3 be o-orders in H with O1 C Oz. Then d(O2) | d(O1), and d(O1) = d(O2) if and only if
O1 = Oy. In particular, O is mazimal if d(O) = o.

Proof. The first assertion is clear. Suppose that d(O;1) = d(O2). Then d(o(p)O;1) =
d(o(p)O2) for all p € Q. It follows from Lemma 5.18 that o(p)O1 = o(p)Os for all p,
and so 01 = Oy by Lemma 5.8.0

Let us continue to assume that F' is a number field and o is its ring of integers. Suppose
that

d(0) =[]}
=1
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is the prime ideal factorization of d(O). If p is not one of those p;, then d(o(p)O) =
o(p)d(O) = o(p). For i =1,...,t, d(o(p;)O) = p;"o(p;). Thus

d(0) = [ (d(e(p)O) No).

pEQf

Over the p-adics, one can show that d(O,) = d(O), for all p. Since the unique prime
ideal in o, is poy, one can, with an abuse of notation, re-write the above product as

d(0) = [] d(0,).

pEQf

5.5 Orders in M,(F)

In this subsection, we discuss the special case when H = Ms(F'). Here F is the field of
fractions of a Dedekind domain 0. Let V' be a 2-dimensional vector space over F. We fix
a basis {e1,e2} of V so that Ma(F') is identified with End(V'). The o-lattice oe; + oeg is
denoted by Ly.

If L is a complete o-lattice in V', define

End(L) ={oc € End(V) : o(L) C L}.

In particular, End(Lg) is identified with the o-order Mas(0). It is clear that End(L) is a
subring of End(V') for any L. Moreover, End(L) = End(aL) for all a € F*.
For any complete o-lattice L in V, there exists nonzero a € o such that aLo C L C a~'Lg.
It follows that
a’End(Ly) € End(L) C a~2End(Ly).

Thus End(L) is an o-order in H.

Lemma 5.20 Ms(0) is a mazimal o-order in My(F).

Proof. This is clear because the discriminant of Ms(0) is 0.0

Lemma 5.21 Let O be an o-order in End(V'). Then there exists a complete o-lattice L in
V' such that O C End(L).

Proof. Let L = {{ € Ly : O¢ C Lo}. Then L is an o-submodule of Ly. In particular, L is
finitely generated. Also, if 0 # a in o such that aEnd(Lg) € O C a~'End(Ly), then for all
£ € Ly, we have

Oal C End(Lg)¢ C L.

Thus aLg C L and L is a complete o-lattice in V.
Let a € O. For any ¢ € L, Oal C Of C Lg. Therefore, af C L and O C End(L).O
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Corollary 5.22 Suppose that 0 is a PID. Then the maximal o-orders in Ms(F) are precisely
the orders End(L). Every mazimal o-order in My(F) is conjugate to Ma (o).

Proof. Let O be a maximal o-order in My(F). By Lemma 5.21, there exists a complete
o-lattice L in V such that O = End(L). Conversely, if L is a complete o-lattice in V', then
L = of1 + ofs for some basis {fi, fo} of V. Let ¢ € End(V) defined by o(e;) = f; with
i = 1,2. Then L = o(Ly) and hence End(L) = ocEnd(Lg)o~! = o Ms(0o)o~!. This shows
that End(L) is a maximal o-order, and that every maximal o-order in M>(F') is conjugate
to Mz(0).0

When o is not a PID, not every L is free as an o-module. However, since o is a Dedekind
domain, there exists a basis {z,y} of V and a fractional ideal a such that L = oz + ay.
Thus End(L) is a conjugate of

Ms(o,a) = {(Z Z) :a,deo,bea‘l,cea}.

Now suppose that F'is a p-adic field with ring of integers 0. Let 7 be a uniformizer for
F and let ¢ be the size of the residue field o/p. Then for any integer n > 0, [0 : p"] = ¢".

Lemma 5.23 Let O and O’ be mazimal o-orders in Ma(F). Then

O o

~

oNo ~— o0no

as o-modules.

Proof. Suppose that O = End(L) and O’ = End(L’), where L and L’ are complete o-lattices
in V. By the Invariant Factor Theorem and scaling L’ by an element in F* if necessary,
we can find a basis {e, f} of L and n > 0 such that {e, 7" f} is a basis of L'. Using {e, f},
we can identify O with Ms(0) and O’ with zOz~! where x is the matrix (} % ). Then

O = (pfn p:). Thus

|

Definition 5.24 Let O and O’ be maximal o-orders in Ms(F). The distance between O
and @’ is defined to be log,[O : O N O']. The orders O and O’ are neighbors if the distance
between them is 1.

Lemma 5.25 Suppose that the distance between two mazimal o-orders O and O in My(F')
is n. Then O' = xOz~! for some x € GLy(F) with ordy(det(z)) = n.

Proof. This is clear from the proof of Lemma 5.23.
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5.6 Orders in the Local Case

In this subsection, we deal with the case when F' is a p-adic field and o is its ring of
integers. So, 0 is a PID with prime ideal p = mo. Let H is the unique quaternion algebra
(uﬁﬁ), where u is a nonsquare unit so that F(y/u)/F is an unramified quadratic extension.
If v is a valuation on F' and w = vonr, then w is a valuation on H. Let O be the associated
valuation ring {z € H : w(z) < 1}. Note that O is also equal to {z € H : nr(x) € o}.

Theorem 5.26 The valuation ring O is the unique o-mazimal order in H and has discrim-
inant d(O) = 720 = p2.

Proof. For any x € H, there exists a nonzero r € o such that ro € O. So, FO = H. If
x € O,thenz € O and so tr(z) =x+7 € ONF = 0. But nr(z) € o since x € O. Thus z
is integral over 0. This shows that O is an ¢-order in H.

If x € H is integral over o, then nr(z) € o and hence w(xz) < 1. Thus x € O, which
means that O is precisely the set of elements in H that are integral over 0. Hence O is the
maximal o-order in H.

Let {1,4, 7,47} be a standard basis of H such that i> = u and j? = 7. Let K be F(y/u).
Then H = K + Kj and nr|k is the norm Nk, p. Since K/F is unramified, 7 is also a
uniformizer for K. Let ox be the ring of integers of K. Then

oxg ={x € K :nr(z) € o}.

Now let @« = = + yj € H with 2,y € K. Then nr(o) = nr(z) — nr(y)m. Since nr(z) and
nr(y) are of the form 72™z, where z € 0*, we see that nr(a) € o if and only if nr(z) and
nr(y) are in 0. Thus o € O if and only if & € 0 + 0xj. Hence O = o + 0xJ.

Now, let y € ox such that {1,y} is a basis of ox over 0. Then {1,y,7,yj} is a basis of
O over o. Note that jy = 7j and tr(aj) = 0 for all a € K. From this it follows that

d(0) = (y —7)'7’0.

Since K/F is unramified, the reside field of K is a quadratic extension of the reside field of
F. Thus, if y — 7 is not a unit, then the images of y and 7 in the residue field of K would
be the same, which means that the image of y is in the residue field of F'. However, o is
equal to o[y], and so the residue fields of K and F' must be the same which is impossible.
Therefore, d(O) = n%0.0

5.7 Orders in the Global Case

In this subsection, F' is a number field and o is the ring of integers in F'. Let H be a
quaternion algebra over F. Recall that Ram(H) is the set of places at which H is ramified.
It is a finite set with even number of elements.

Definition 5.27 The discriminant of H, denoted A(H), is the product of all the finite
places at which H is ramified.
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Theorem 5.28 Let O be an o-order in a quaternion algebra H over a number field F.
Then O is a mazimal o-order if and only if d(O) = A(H)%. In particular, all maximal
o-orders in H have the same discriminant.

Proof. By Lemma 5.13, O is maximal if and only if O, is maximal for every finite place
p. By Example 5.16 and Theorem 5.26, the discriminant of a maximal oy-order in Hy is
either o, or p? according to whether H, splits or is ramified. Furthermore, orders with these
discriminants are necessarily maximal by Theorem 5.19. The result now follows from the
fact that d(O) is the product of all d(0y).0

Example 5.29 Let H be the quaternion algebra <_1@_1)’ Then H, splits for all odd

primes p; see Theorem 3.13. Since |Ram(H)| is even and H ®g R = H, H is ramified at 2.
Thus A(H) = 27Z. The discriminant of the Z-order O’ in Example 5.17 is 4Z. Thus O’ is a
maximal Z-order in H.

6 Conjugacy Classes of Maximal Orders

In this section F' is a number field. We keep all the relevant notations used in the previous
section. When the ring of integers o of F' is a PID, then all the maximal orders in Mas(F')
are conjugate to Ma(0). This does not hold in general and in this section we give a formula
for the number of conjugacy classes of maximal orders in a quaternion algebra over F.

6.1 Idele Group of a Quaternion Algebra

Let H be a quaternion algebra over F', and let O be a maximal o-order in H. The idele
group of H is the set

H = {(ZL‘U) € H HY :xz, € O) for almost all finite places v} :
veEQN

The elements of H, are called ideles of H. Clearly H; is a subgroup of the direct product

H H,. For each v € , there is an embedding o, : H — H, = F, @ p H, where o,(x) =

veEQ
1® z for all z € H. Using this embedding, we can identify H* as a subgroup of H and

we will not make any distinction between z and o,(z). If x € H*, there exists r # 0 in F’
such that rz~! € O. Since r € 0 for almost all v, therefore z € O for almost all v; hence
H* can be identified as a subgroup of H .

Let x = (x,) be an idele of H. Define an order zOz~! in H by specifying its local
completion at a finite place v as

(xOz™ 1Y), = 2,0,x, .

This definition is meaningful by Lemma 5.12 since z, € O; for almost all finite places v
so that (zOx~1), = O, for almost all v. Since the conjugate of a maximal order in H, is
again maximal, the order zOz ! is a maximal order in H by Corollary 5.13.
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Lemma 6.1 Let O' be another maximal order in H. Then O = x2Ox~! for some x € H.

Proof. Let S be the set of finite places v for which O, # O). Then S is a finite set and
SNRam(H) = 0. If v € S, then H, = My(F,). Since o, is a PID, O} is conjugate to O,
and hence there exists h,, € H)S such that h,Ouhyt = O). Now define an idele x € H; by

_J1 ifvéesS,
W=\ h, ifuves.

It is clear that zOx~1 = ©'.0

Up to this point, we see that H; acts on the set of all maximal orders in H by conjugation
and the action is transitive. For every v € Qy, let 91(O,) be the normalizer of O,, that is

N(O,) ={z, € H : x@(’)vxgl =0y}
It is easy to see that M(O,) is a subgroup of H*. Moreover, OF C N(O,). Let
N(O)a = {z = (x,) € H : 2y € N(O,) for all v € Qy}.
Clearly (0,) is a subgroup of H, . In fact, M(O), is the stabilizer of O in H,'.

Proposition 6.2 The set of conjugacy classes of maximal orders in H is in bijection with
the double coset space H*\ H; /M(O)x.

Proof. Let C be the set of conjugacy classes of maximal orders in H. We shall set up a
bijection ® from the double coset space H*\ Hy /M(O)4 to C.

Suppose that H*2N(O)y = H*yN(O)a. Then x = hyn, where h € H* and n €
N(O)a. So xOx~1 = h(yOy~1)h~1 and thus xOxr~! and yOy~! are in the same conjugacy
class. This means that we can define a function ® : H*\ H /M(O)s — C such that

O(H”*2N(0),) = conjugacy class that contains Oz~ 1.

Lemma 6.1 implies that ® is surjective.

Now, let 2,y € H; such that rOz~! and yOy~! are in the same conjugacy class. Then
2O0x~ ! = hyO(hy)~! for some h € H*. So, z thy € N(O), and hence y € H*2N(0),.
This shows that ® is injective.O

6.2 Theorem on Norms

We continue to assume that H is a quaternion algebra over the number field F'. Let v be
an infinite place of F. If H, splits, then clearly nr(H) = F*. If H, is ramified, then v
must be a real place and H, is Hamilton’s quaternions H. If {1,4,,ij} is a standard basis

of H = <—1ﬂ,§—1>’ then

nr(zy 4 Toi + x3j + x4i5) = 23 + 23 + 23 + 23

and thus nr(H)) = R*2,
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Lemma 6.3 If v is a finite place of F, then nr(H)) = F,*.
Proof. This is clear if H, = Ms(F,). Thus we assume that H, is the unique quaternion

algebra (}“) over F,, where 7 is a uniformizer for F, and u is a nonsquare unit of o, so
v

that F,(y/u)/F, is unramified. The restriction of the reduced norm on F,(y/u) is the usual
norm N of the field extension F,(y/u)/F,. Since [EF) : N(F,(y/u)*)] = 2 and N(F,(y/u)*)
contains all the units of o0,, it remains to show that nr(H;‘) contains a uniformizer of F,.

But this is clear; nr(j) = —n if {1,4, j,4j} is a standard basis for (ﬁ:)m

Let Ramq,(H) be the set of infinite places at which H is ramified. It is necessary that
F, =R for all v € Ram(H). Let

Fj;p ={a € F*: ais positive in F, for all v € Ramq(H)}.

Proposition 6.4 (Theorem on Norms) Let H be a quaternion algebra over a number field
F. Then nr(H*) = Fj;.

Proof. Tt is clear that nr(H*) C F};. Let a € F};. Then a € nr(H)) for all v € Q by
Lemma 6.3. Since H, when equipped with the reduced norm, is a nondegenerate quadratic
space over F', we can apply Hasse-Minkowski Theorem to the present situation and deduce
that ¢ € nr(H*).0

The idele group of F' is the set

Jr={z=(z,) € H F) : 2, € o) for almost all finite places v}.
veEQ

The elements of Jr are called the ideles of F. It is clear that Jr is indeed an abelian group
under the operation (z,)(yy) = (zyYy). For any a € F*, a € o, for almost all finite places
v. Therefore, a can be regarded as the idele whose v-component is a itself (of course, here
we identify a with o,(a) where o, : F' — F), is the embedding associated with the place v).
Thus we can identify F* as a subgroup of Jp. Since nr(O,f) C o) for all finite places v, we
can define the reduced norm nr : H; — Jp by nr((z,)) = (nr(zy)).
For each v € 2, let
0N { nr(MN(0O0,)) if v e Qy;
Y nr(HY) if v € Q.

Since Z(H,) = F,, M, contains F*2. Let

Jr(O) ={z = (2y) € Jp: 2, €N, for all v € Q}.
It is clear that Jp(O) is the image of 91(0), under the reduced norm, and Jr(O) 2 J4.
Proposition 6.5 Let v be a finite place of F'. Then

0 _{ oXEX?  if H, splits;
=

Er otherwise.
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Proof. Suppose that H,, is a division algebra. Then O, is the unique maximal order in H,.
Thus 2O0yz~ ! = O, for all z € H}. So N(O,) = H}, and hence N, = F* by Lemma 6.3.

Now suppose that H, = My(F,) = End(V) where V is a 2-dimensional vector space
over F,,. We may assume that O, = Ms(0,) = End(L), where L is a complete o,-lattice
in V. In this case, O contains all invertible matrices in Ms(0,). Therefore, 0 FX2 C N,

For the other inclusion, let o be an element in 9(O,). Then
End(L) = oEnd(L)o ™! = End(o(L)).

Since End(cL) = End(ac(L)) for all a € F*, we may also assume that o(L) C L and, by
choosing a suitably, that there exist a basis {e, f} of L and « € o0, such that {e,af} is a
basis of o(L). Let 7 € End(V) be the map that sends e to e and f to af. Then 707! is
an element in End(o(L)). Thus nr(o) = au for some u € 0;f. We claim that « is also in
o,¢ and this will conclude the proof of this case. For, let § € End(V') be the element which

switches e and f. Then § € End(L)* and hence 3 is also in End(o(L))*. But then {f, ae}
is also a basis of o(L), whence a € 0.0

6.3 Strong Approximation

Let v be a place of F, and let B be a basis of H, over F,. Using B, H, can be identified
with F4, and we can make H, into a topological space by transporting the product topology
from F.. It is not hard to see that different bases for H, produce the same topology on H,.
Moreover, with respect to this topology, H, becomes a locally compact topological ring,
that is, the addition and multiplication in H, are continuous operations. We impose the
subspace topology on H. Let z € H¢. Then 2~! = Z/nr(z), where Z is the conjugation
on H,. Let {1,i,7,ij} be a standard basis for H, = (%f) If x = ap + a1t + azj + asij,

then nr(z) = a2 — aa? — Ba3 + aBa3 and T = ag — ayi — azj — azij. Hence z > z71

continuous map, whence H, is in fact a locally compact topological group.

Now suppose that v is a finite place of F' and p, is the associated prime ideal. Let L
be the o,-lattice spanned by B. Since L = o}, and o0, is both compact and open, L itself is
also both compact and open. The collection of compact-open sets {p'L} is a fundamental
system of compact neighborhoods of 0. For every = € H)S, the set x + pJ'L is contained in
H for all sufficiently large integers n.

Let O be a maximal order in H. For each finite place v of F', the group O is a compact-
open subgroup of H). It is because nr : O, — 0, is a continuous map and O, = nr~!(0X) is
both closed and open in the compact space O,. We now make H; into a topological group
by specifying a fundamental system of neighborhoods of the identity in H; consisting of
the sets of the form

[1v..

vE

is a

where each U, is an open neighborhood of 1 in H,* with U, = O, for almost all finite places
v. We call this topology the restricted product topology of H; . If S is a finite subset of Q
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containing Q, let

mz(s) = [T < I o

veES vgS

which is a subset of HY. Then the restricted product topology on H, (S) coincides with
the product topology. Since O is compact for all v € Qg, H;(S) is locally compact. Since
H g is the union of all these H g (S), H g is a locally compact topological group.

Example 6.6 The restricted product topology on H) is not the subspace topology induced
by the product topology on [],.q H; . The set

lel_[Hval_I(’)vX

V€N o UEQf

is open in H . If the restricted product topology were the subspace topology induced from

[I,cq Hy, then U must contain a set of the form
Ws =H (| [TWe < [T 2
veS v S

where S is a finite subset of 2 and W, is an open subset of H, for each v € S. But it is
clear that for & does not contain any such Wg.

For each v € Q, let H! = {z, € H) : nr(z,) = 1}. Define
Hi ={z = (z,) € H : x, € H}, for all v € Q}.

It is clear that Hé is the kernel of the reduced norm nr : H g — Jp. Thus Hé is a normal
subgroup of H,*. Moreover, it contains the commutator subgroup of H,. We give H} the
subspace topology induced by the restricted product topology on H, . For any finite subset
S of Q, let

HY={r=(v,) € Hf :x,=1forallv ¢ S}.

Theorem 6.7 (Strong Approximation Theorem for H') Let H be a quaternion algebra
over a number field ', and let S be a finite subset of places of F' containing sy such that
H, splits for at least one place in S. Then HlHé is dense in H&.

Here is a consequence (in fact, equivalent version) of the Strong Approximation Theorem
which will be used. Fix a positive integer N and a complete o-lattice L in H. Let T be a
finite subset of {2y which is disjoint from S. Suppose that z, € H! is given for each v € T.
Let

U,={z€H,: 2=z, mod pL,},

and set

u=min|[[H <[ x [ O],

vES veT vgTUS
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which is an open neighborhood of z in H!, where x is idele such that its v-th component
is , for all v € T and 1 eleswhere. So, there exists h € H' and y € Hé such that hy € U.
This implies

(1) h =2, mod pYL, for all v € T;
(2) heOf forallvgTUS.

We shall apply the Strong Approximation Theorem to the case where S = Q. Thus it
is useful to introduce the following standard notion to cover the circumstances under which
the Strong Approximation Theorem will be applied.

Definition 6.8 A quaternion algebra H over a number field F is said to satisfy the Fichler
condition if there is at least one infinite place of F' at which H splits.

There is the restricted product topology on Jr which is defined similarly to the one on
H. For each v € Q, F* is a locally compact; and for each v € Qf, o) is compact. The
restricted topology on Jg is defined by specifying a fundamental system of neighborhoods
of the identity in Jr consisting of the sets of the form [, . Uy, where each U, is an open
neighborhood of 1 in F* with U, = o for almost all finite places v. With this topology,

Jr is a locally compact topological group.

6.4 Type Number

If 2, y are elements of H;, then xH}% = H}x, and the fact that H} contains the commutator
subgroup of H, implies that xyHé = yarHé; hence the set al:ijk is independent of the order
of Hi,z and y. From this it follows that the set H}H*9(O), is independent of the order
of H}k,H * and MN(O),, and that this set is actually the group generated by HA, H* and
M(O)a. This group is a normal subgroup of H; and we can form the quotient group
H/HLH*N(O)4.

Lemma 6.9 Let v be a finite place of F, and O. be a maximal order in H,. If v € HY,
there exists an open neighborhood U of x such that yOly=t = 20z~ for ally € U.

Proof. Tt suffices to prove the lemma for z = 1. For every y € U = 14 p, O, C O, nr(y) is
a unit. So, y~! € O} and yOly~! = 0.0

Lemma 6.10 If H satisfies the Eichler condition, then
()  H*zNO)p — H*zHIN(O),

is a well-defined bijection from H*\ H} /M(O)a to H JHLH*N(O)4.

Proof. Suppose that H*a2N(O)y = H*yN(O)4. Then there exist h € H* and n € N(O)x
such that y = hzn. Thus

H*yHIN(O)y = H*xnH,N(O)y = H*2HinN(O)p = H*xHLN(O),.

35



This shows that (*) is a well-defined function. Clearly it is surjective.
Now suppose that H*zHiM(O)y = H*yHiM(O)s. Then there exist h € H*, o € H}
and n € M(O), such that
hx = ayn.

For the sake of convenience, we let [2]O be the order 2Oz~ ! for z € H}, and [2,]O, be the
order z,0,z;! for all z, € HX with v € Q. Let

T ={v e Qs : [hxy]Oy # [y0]Ou}

and
J={veQp\T: [y,]O, # Oy}

Both T and J are finite subsets of €2¢.
Let W be an open set of H‘é of the form

II # = I vex I o

VEQso veTUJ veQp\(TUJ)

where U, is an open neighborhood of a, (resp. 1) in H} if v € T (resp. v € J). By the
Strong Approximation Theorem, with suitably chosen U, there exists o € H! such that

(1) [0]Oy, = O, for all finite places v outside T'U J;
(2) [0Yu]Oy = [awyy] O, for all v € T
(3) [oYu]Oy = [y4] Oy for all v € J.

If v is a finite place outside T'U J, then
[0yp] Oy = [0]O0y = O, = [hay]O,.

If v € T, then
[0Y0] Oy = [ayu] Oy = [hx] Oy,

while if v € J we have
[va]ov = [yv]ov = [hxv]Ov.

Therefore, y Lo ~the € N(O), and thus H*aN(O)y = H*yN(O)s. This proves that (x)
is injective.O

Recall that Jp(O) is the image of 91(O)a under the reduced norm. Let
0 : Hg — JF/FXJF(O)

be the homomorphism induced by the reduced norm.
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Theorem 6.11 Let H be a quaternion algebra over a number field F'. Suppose that H
satisfies the Eichler condition. Then the number of conjugacy classes of maximal orders in
H is equal to the group index [Jp : F*Jr(O)].

Proof. 1t suffices to show that the homomorphism 6 is surjective with H* H;9M(O), as the
kernel.

Let a be an element in Jr. By the Weak Approximation Theorem for F', there exists
a € F* such that a,« is positive in F, for every v € Ramq,(H). So we can assume that
a, > 0 for every v € Ram(H). Thus for every v € Q, a, = nr(x,) for some z, € H).
For almost all finite places v, H, splits and a, is a unit in 0,. At any one of these v, the
maximal order O, is isomorphic to Mz(0,); hence nr(O) = o/¢. Therefore, a, = nr(z,) for
some x, € O. For the remaining finitely many places v, it follows from Lemma 6.3 that
ay = nr(z,) for some x, € HY. Then z = (z,) is an element in H} and nr(z) = a. This
proves that 6 is surjective.

It is clear that H*HiN(O), is a part of the kernel of §. Now, suppose that nr(z) €
F*Jp(O). Then there exists n € M(O), such that nr(zn) € F*. Since nr(H)) = F)2
whenever v € Ramo,(H), it follows that nr(zn) € Fj;. By Theorem 6.4, there exists
h € H* with nr(hzn) = 1. As a result, han € H} and hence the kernel of § is precisely
H*HiN(0)a.0

Definition 6.12 The type number of a quaternion algebra H over a number field is the
number of conjugacy classes of maximal orders in H.

For our convenience, we let h be the set Ramo(H). Let

J%:{xeﬂpzazv>0f0rallv€f)anda:1,€0§ for all v € Qf}.

Let Ir be the group of fractional ideals of F', and let P;l be the subgroup of principal
fractional ideals that are generated by a € F'* with a positive in F, for all v € b.

Let Pljf be the set of principal fractional ideals that are generated by totally positive
elements in F. Then P% C P;I , and so Pr/ Pljf is an elementary 2-group whose order is less
than 2", where 7 is the number of real places of F. Thus the quotient I/ Pljf is a finite
abelian group, called the narrow class group of F, and its order is the narrow class number
of F. Since P;f C Pg C Pr, the quotient I/ Pg is also a finite abelian group and its order
divides the narrow class number of F'.

For any = € Jr, let (z) be the fractional ideal

(z) = H porde(p)

PGQf

The class of (z) in the quotient I/ P;l is denoted by [z]. Given an x € Jp, there exists
a € F* such that ax, > 0 for all v € h. If b is another element in £ such that bz, > 0 for
all v € b, then [az] = [bx] in Ir/ Pg. Hence we have a well-defined homomorphism

z€Jp/F* — Jax] € IF/PPQ.

It is clear that this homomorphism is surjective.
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Lemma 6.13 [Jp : F*J%] = |Ip/P}|.

Proof. 1t suffices to show that the kernel of the above homomorphism is F XJ% JF*. Take
an idele x € J?;. Then z, € o, for all finite places v, whence (z) is trivial. Therefore,
F XJ?; J/F* is in the kernel. Conversely, suppose that z is in the kernel. Let a € F* be
chosen so that ax, > 0 for all v € h. Then there exists b € F* such that b > 0 in F,, for all
v € hand (ax) = (b). Let 8 = axb~!. Then B, € 0 for all finite places v, and 3, > 0 for
all v € h. Hence 8 € J?p and x € F XJ%. Therefore the kernel of the above homomorphism

is F XJ?T and the lemma is proved.O
Corollary 6.14 Let H be a quaternion algebra over a number field F. If H satisfies the
Eichler condition, then its type number is finite; it divides the narrow class number of F.

Proof. Let O be a maximal order in a quaternion algebra H over F. Then Jr(QO) contains
J?p, hence [Jr : F*Jp(O)] divides [Jp : F XJ%] and the latter divides the narrow class
number of .00

Corollary 6.15 Let H be a quaternion algebra over a number field F. If H satisfies the
Eichler condition, then its type number is a power of 2.
Proof. 1t is clear because Jr(O) contains J%.O

Corollary 6.16 Let H be a quaternion algebra over Q which splits at the infinite place.
Then the type number of H is 1.

Remark 6.17 The type number of a quaternion algebra which does not satisfy the Eichler
condition is also finite.

7 Sum of Three Squares

This section contains Venkov’s proof of the following Theorem of Gauss. However, the proof
we shall present is the modernized version by Rehm.

Theorem 7.1 Let m > 1 be a squarefree integer such that m = 1,2 mod 4, h(m) be the
class number of the quadratic field Q(v/—m), and ¥ (m) be the number of integer solutions
to the equation x> + y* + 22 = m. Then (m) = 12 h(m).

7.1 The Hurwitz Quaternions

Throughout this section, we let H be the quaternion algebra (71@71) The reduce norm

on H is the sum of four squares, and its restriction on Hy is the sum of three squares. Let
{1,4,4,k} be a standard basis of H such that i> = j2 = —1. Since it is an orthonormal basis
of H, we can identify H, as a quadratic space over Q, with the space Q% in such a way that
{1,4,j, k} becomes the canonical basis of Q*.
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Lemma 7.2 Let u be a nonzero element in H. Then u,iu, ju, and ku are mutually orthog-
onal.

Proof. Let p and ¢ be two different elements from {1,4, 7, k}. Then

tr(puqu) = tr(pnr(u)q) = nr(u)tr(pg) = 0.
O

So, when u # 0, the set Z[i, 7, k]u, which is a complete Z-lattice on H, produces a grid
of 4-dimensional cubes in Q*. The side of any one of these cubes is \/nr(u). Let x € H.
Then = must be in one of these cubes. Let su, s € Z[i, j, k|, be a corner of this cube that is
closest to x. Then

1
x — su = (ap + agi + asj + ask)u, |a;| < 5 for all <.

So, nr(x — su) < nr(u) unless = happens to be the midpoint of the cube, in which case all
the a; are equal to & and so nr(z — su) = nr(u). This shows that the order Z[i, j, k] does
not have any division algorithm (with respect to nr).

Now, let O be the order Z[i, j, k, 0], where 6 = w We have seen in Example 5.29
that O is a maximal order in H. This order O is called the Hurwitz order of quaternions.
Note that as a set, O is obtained by adding all the midpoints of the cubes formed by Z[i, j, k].
Moreover, nr(d) = nr(i) = nr(j) = nr(k) = 1. Therefore, the elements in O are vertices of
a grid of 4-dimensional rhombohedrons in H. If u is a nonzero Hurwitz quaternion, then
the principal left ideal Ou of O produces a grid of 4-dimensional rhombohedrons in H with
side length y/nr(u). Let x be an arbitrary element in H. Then z falls into one of these
rhombohedrons. Let su be one of the closest corner. It is easy to see that nr(x —su) < nr(u)
and so O has a division algorithm.

Proposition 7.3 Let x € H and u be a nonzero element of the Hurwitz order O. Then
there exist s,r € O such that © = su+r with nr(r) < nr(u).

It is clear that in the above discussion one can consider left multiplication of u and
obtains an analogous division algorithm.

A nonzero ideal I in H is said to be a fractional O-ideal if its left order is O. In other
words, I is a fractional O-ideal if

O={zreH:zl CI}
Corollary 7.4 FEvery left fractional O-ideal in H is principal, that is, it is of the form QOu

for some u € H.

Proof. Let A be a nonzero left fractional O-ideal in H. Since A is a finitely generated
Z-module, there exists a nonzero integer m such that all the elements in m.A are integral
over Z. So, we may assume at the outset that all the elements in A are integral over Z.
In particular, the set of reduced norms of nonzero elements in A contains only positive
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integers and hence it must have a minimum. Let 0 # u € A be chosen such that nr(u) is
this minimum.

For any = € A, by Proposition 7.3 there exists s € O such that nr(z — su) < nr(u).
Since x — su is in A, therefore  — su must be zero. This shows that A = Ou.O

Lemma 7.5 The unit group of O is generated by i, j, , and it contains exactly 24 elements.
Proof. This can be verified directly, using the fact that x € O* if and only if nr(z) = 1.0

Let m > 1 be a positive integer, and K be the quadratic field Q(v/—m). If u € Hy such
that nr(u) = m, which is equivalent to u?> = —m, then we have an embedding ¢, from K
to K, := Q(n) € H which maps v/—m to pu.

Now, suppose that m is a positive integer such that m = 1,2 mod 4. The set of integer
solutions of the diophantine equation 22 + y? + 22 = m is in bijective correspondence with
the set

Ry (or simply R) = {u € O: u? = —m}

which we call the set of roots of m. So, |R| = 1(m), which is always positive by a theorem
of Legendre.

Let p € R and let 0, = O N K,. Then o, is an order in K, and all its elements are
integral over Z. Thus o, is contained in the ring of integers of K,,. However, since m = 1,2
mod 4, it is not hard to show that the ring of integers of K, is Z[u], and p is clearly in o,,.
Thus o, is precisely the ring of integers of K,.

Proposition 7.6 If a is a fractional ideal of 0, then OaN K, = a.

Proof. We may assume that a C o,. It is clear that Oa is a left O-ideal in H. AS 1€ O
and a C K, we have Oa 2 a.
For the other inclusion, note that aa™! = 0,,. Clearly, (Oan K)o, = Oan K, hence

OankK, = (OankK,)a 'a
Oaa ' N K,a Ha
Oo,NK,)a
ONK,a

o.a=a.

N

(
(
(
(

|

Proposition 7.7 Let p € H, u ¢ Q, then the centralizer of K,, in H is K, itself.

Proof. By the Noether-Skolem Theorem, there exists ¢ € H such that 1,u,t, ut form a
standard basis of H. Then a direct computation shows that the centralizer of K, must be
K, itself.O

Corollary 7.8 If u,n € H and p? = n> = —m, then {a € H : au = na} is a one
dimensional right K, -vector space.
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Proof. Again, by the Noether-Skolem Theorem, the two embeddings ¢, and ¢, are conju-
gate inside H, that is there exists z € H* such that ¢,(a) = 27 ¢, (a)z for all a € K. In
particular, zp = nx, and apu = na if and only if 7 o centralizes K u- By Proposition 7.7,
rlae K, or equivalently, a € 2K .0

7.2 Class Groups and Root Bundles

We continue to assume that m > 1 is a positive integer congruent to 1 or 2 mod 4. Let Ig
be the group of fractional ideals of K = Q(y/m). For any a € I, let a, = ¢,(a) C K,. By
Corollary 7.4, there exists K = k(a, ) € H such that

Oa, = Ok.

Note that & is determined by a and p up to left multiplication of units of O. So, kurx™! is

determined up to inner automorphisms induced by units of O.
Moreover,

Okur ! = (’)au/m_1 = O,uaum_l - Oa#/ﬁ_l = Ok 1 =0.

Therefore, kux~' € O and hence rkur~! is also a root.

We call the set B(u) := {eue™! : € € O*} bundle of the root u. For any a € Ig, the
root bundle B(kux~1) does not depend on the k we choose for a. Therefore, if we let

W ={B(n): p € R}
be the set of all root bundles, then we have a map
A IK XW —=W

defined by
Aa, B(p)) = B(kus™1),

where £ = k(a, p1) is chosen such that Oa, = Ok.

Lemma 7.9 The map A defines an action of the group Ix on the set W.
Proof. Let a,b be two fractional ideals of K. Let A = (b, u) pu (b, )~ 1; that is,

B(A) = A(b, B(p))-

Then ¢, is ¢, followed by the inner automorphism given by (b, it). Therefore, it must be
that ay = (b, u)a,r(b, u) ! and

Ok(a,\) = Oay

= Oﬁ(b’ :U’)a//«"{’(ba //J)_l
= Oba,k(b,p)
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that is, Ok(a, \)k(b, u) = O(ba), = O(ab),. So, we may choose x(ab, 1) to be the product
k(a, u)k(b, 1), and find that

r(a, \) A e(a, )7 = k(ab, p) pr(ab, @)=t

This shows that A(a, A(b, B(p))) = A(ab, B(u)), which proves the proposition.O

Let p,v € R, and let
Ty ={A€ O : Au=vA}.

By Corollary 7.8, T}, ,, is the intersection of O with a two dimensional Q-vector space; so it
is a rank 2 Z-submodule of O. In particular, it is nonzero and hence OT},, is a complete
Z-lattice in H. So, OT},, is an ideal in H. It is easy to see that OT),, is in fact a left
fractional ideal of O.

Lemma 7.10 For any roots p,v, we have OT),, = O.

Proof. By Corollary 7.4, there exists p € O such that OT),, = Op. We claim that p is a
unit of O. It suffices to show that nr(p) is not divisible by any prime in Z. Let us suppose
that m = 1 mod 4 for the moment.

We first show that 2 { nr(p). It is enough to exhibit an element w € T),, such that
2fnr(w). Since p? = v? = —m, ap+va € T, for all « € O. Let = x1i + 225 + x3k and
v = y1i + y2j + ysk with z;,9; € Z for all 4. Since m = 2?2 + 23 + 22 = 1 mod 4, we may
assume that 1 = zo = 0 mod 2 and 23 = 1 mod 2. As to v, it is enough to consider two
cases

(1) y1 =y2 =0 mod 2, and y3 = 1 mod 2;
(2) y1 =y3=0mod 2, and y2 = 1 mod 2.

In (1), it is direct to check that nr(u + v) = nr(ip + vi) = 0 mod 4, but nr(p + v) —
nr(ip + vi) = 4 mod 8. Hence either nr(u + v) or nr(ip + vi) is not divisible by 8. Then we
can take w to be either (u+ v)/2 or (iu + vi)/2. Note that w will be in O.

For (2), we use v = (1 + j)u + v(1 + j), which is

—(zo+y2) + (r1+x3+y1 —y3)i+ (2 +y2)j + (x5 — 1 + y3 + y1)k.

Notice that all the coefficients in this linear combination are odd. Therefore, w := /2 is in
O, and hence w € T}, ,,. It is also easy to see that 2 { nr(w).

Now, suppose that nr(p) is divisible by an odd prime p. Since p is a right divisor of
wo := u+ v and wy := iu + vi, therefore it is also a right divisor of i(wg + i(w1)) = iv — vi
whose reduced norm is 4(y3 + y3). We may conclude that y3 + y3 = 0 mod p. Using j,
k instead of i, we obtain yf + y3 = 0 = y? + y3 mod p. These three congruences have
only one common solution mod p, namely y; = yo = y3 = 0 mod p. This shows that
m =y} +y3 + y3 = 0 mod p?, which is impossible.

The case m = 2 mod 4 can be done by a similar argument.O
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Proposition 7.11 The action of Ix on W is transitive. Moreover, the stabilizer of any
B(p) € W is the subgroup of principal fractional ideals of K.

Proof. Let p,v € R. We have indicated earlier that T, , is a Z-module of rank 2. Let {&,n}
be a Z-basis of T}, ., and set

b :=0,£N + ounr(n).
Note that o € T, if and only if @ € T),,. Hence &7 centralizes K,,, and so & € K, by
Proposition 7.7. Thus {7 € K, N O = o,. This shows that b is an ideal of 0,,. By Lemma
7.10,
Ob = O(0,87 + 0,11) = O&7 + Oy = (O& + On)ip = OT,,,7 = O7.

So, if we use a = (b;l(b) and 77 = k(a, ), then a, = b, Oa, = Of, and 77 € T),,, that is

nun~'. Hence
A(a, B(n)) = B(v),

which means that the action of Ix on W is transitive.

For the second assertion, let o € K* and a be the principal fractional ideal of K
generated by a. Then ¢,(a) = 0,3, where 8 = ¢,(a). We may then choose 3 € K, to be
k(a, ;) and obtain

A(a, B(p)) = B(BuB™") = B(p).
1_

Conversely, suppose A(a, B(p)) = B(p). Then we may select «(a, i) such that kuk™" =
p. It follows from Proposition 7.7 that x € K. Hence

Oa, = Ok = Ooyk.
By Proposition 7.6, we have
a, =0a,NK, =00,kNK, =o0,K,

and so a is principal.O0

We have shown that the root bundle A(a, B(u)) depends only the ideal class of a. So,
given an ideal class C € Ik, we can define a function Iz : W — W by Il¢(B(u)) =
B(a, B(p)), where a is any fractional ideal in C. By Proposition 7.11, this function Il¢ is a
permutation on W, and the map C +— Il¢ is an isomorphism sending the ideal class group
of K onto a sharply transitive permutation group of W. As a result, |W| = h(m).

Finally, let us give a proof of Theorem 7.1. We need to count the number of roots
belonging to a bundle B(u). Let the group O act on the set of roots R by conjugation.
The stabilizer of a root p is

{ec O iepe '} =0 NK, =0 ={£1}.

The last equality is from the hypothesis that m > 1 and m = 1,2 mod 4. Hence |B(u)| =
|O0*|/2 =12, and thus
(m) = |R| = 12|)W| = 12h(m).
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